An application of the method of approximate inverse to a two-dimensional inverse scattering problem is discussed. The determination of the refractive index from an inverse scattering experiment is a nonlinear inverse problem. In this paper we treat the 2D scalar case. We propose to split this nonlinear problem into an ill-posed linear problem and a (well-posed) nonlinear part by rst solving the data equation for the induced sources, consisting of the product of the refractive index and the eld inside the object. This procedure retains the nonlinear relation between the two unknowns and treats it implicitly. The linear problem is e ciently solved by applying the method of approximate inverse. A reconstruction kernel is precomputed via the singular value decomposition of the scattering operator. The nonlinear part is solved by treating the object equation. The use of the method of approximate inverse makes it possible to determine the refractive index and to locate inhomogeneities in the inverse medium problem. Numerical results are presented for a number of representative objects.
Introduction
We consider the two dimensional scalar problem of determining the refractive index n for xed frequency from the equations u( ; x ; r = kxk and k is the xed wave number and 2 S 1 is a unit vector indicating the direction of the incident plane waves u inc ( ; x) = e ik< ;x> and u s the scattered eld. The Sommerfeld radiation condition (3) is assumed to hold uniformly with respect tox = x=kxk: In particular, absorption in general cannot be ignored, thus we would also like to include the possibility that the medium is absorbing, i.e. the refractive index has an imaginary component. Hence we include also the case for which wave number k is a complex valued constant with the sign of k chosen such that <(k) 
It is well known that for x 2 B R (0) and for each excitation, the scattering problem may be reformulated as the Lippmann-Schwinger integral equation, G(kkx ? yk)u( ; y) f(y)dy (7) for the measurement points x on the sphere RS 1 with radius R: The total eld has to ful l the Lippmann-Schwinger integral equation. In order to solve this problem we have to deal with two strong limitations, which arise, namely nonuniqueness and instability of the solution. . After a description of the inverse problem and the new reconstruction method based on the idea of the approximate inverse, the paper is devoted to the computation of the singular value decomposition of the scattering operator. The singular value decomposition is then used to precompute the inversion operator. In the next section we brie y sketch the main idea of this method in the context of the inverse scattering problem under consideration. 
For the sake of simplicity we drop the dependence on the direction of wave propagation ; because the operator and therefore the solution method will not depend on this parameter, i.e. for every arbitrary we solve the problem below. The inverse problem becomes
where g denotes the data on the sphere with radius R surrounding the scattering object.
Remark:
In general the discretization of the problem yields a matrix, denoted by A n ; which is ill-conditioned. Furthermore the solution of of A n n = g is usually nonstable and nonunique. In the inverse source problem nonuniqueness is due to the so-called nonradiating sources ( In this paper we connect this problem of nonradiating sources, which yield a nontrivial nullspace of the scattering operator, with the investigation of the singular values of the scattering operator.
A new approach to solve this inverse problem consists in suitably approximating the equivalent source in the rst and essential step and then to compute the scatterer f in the second step. Through this we get a regularized approximate solution.
According to the method of approximate inverse (see Lo 96]) we compute instead of the approximation
for a suitable molli er e ( ; ); a regularization parameter at each reconstruction point 2 B R (0):
The computation of ( ) is achieved by approximating e in the range of the adjoint operator A : For this reason we compute the adjoint operator and the second iterated kernel which yields the singular value decomposition of the operator.
Second Iterated Kernels
The representation of the second iterated kernel is based on the series expansion of the Hankel function of the rst kind and order zero (see Co/Kr 98] 
where Y m (!(')) = e im' denotes the surface harmonics of degree m, H Proof:
Using the equation (12) we get for the integral of the second iterated kernel I mn :
To simplify the integral I
( 1) mn further, we use the orthogonality properties of the surface harmonics 
This result can be used to derive the singular value decomposition for the operator A:
4 Singular Value Decomposition
It is well known that the singular value decomposition (SVD) is a valuable tool in the study of integral equations of the rst kind with a compact operator. For related problems there are also some similar investigations, e. g. Louis and Natterer used the SVD to describe the properties and to characterize the nullspace of Radon transform ( Lo 86 
v (r; ') = i k We are interested in the asymptotic behaviour of the singular values of the scattering operator, because the singular value decomposition of A will be used to derive a reconstruction formula for the inverse problem. It is obvious (see equation (16) 
where the wave number k and the detector radius R were xed values.
Caorsi and Gragnani (see Ca/Gr 99]) proposed a method based on the SVD of the discretized Green's operator. In contrast to their method our approach is based on the determination of an analytic expression for the singular values of the scattering operator. We tried to attack the nonuniqueness problem through investigating these expressions, without any minimization scheme. The singular values near to zero correspond to the elements in the nullspace of the scattering operator. Considering the singular values as functions of the wave number k and detector radius R we tried to keep the nullspace of the scattering operator S as \small" as possible by a suitable choice of the relevant parameters. The following gures show numerically determined singular values, when the wave number is real. In the rst gure we considered a xed wave number k = 2 with a wave length = 0:9. In the second gure, where the dependence on the wave number is demonstrated, we used a xed detector radius R = 2. From these results we can see a similarity between the inverse scattering problem and the limited angle problem in x-ray computerized tomography (see Remark: By chosing a radial symmetric molli er, i. e. e ( ; ) = e( k ? k) and using the translation operator T we can consider e( k ? k) = T E( k k); with E an approximation to the delta distribution. Proof:
In order to give an analytical expression for the reconstruction kernel we use the singular value decomposition of the operator A. To determine the sesquilinear form hAe( ; ; k); w ( )i L 2 (RS 1 ) we use once more the expansion of the kernel of the integral operator A and its application to the special molli er e( ; z; k) = e(qjkjkz ? k) = T E(qjkjkzk) with supp(e) B R (0). This yields for y 2 RS 
The supp(E) gives rise to distinguish between the following two cases, because we have to consider, how is ky ? k related to kzk; for a z 2 supp(E); for which E(qjkjkzk) is well de ned.
Expanding the Green's function in consideration of relation between ky ? k and kzk; further by using uniform convergence, Fubini's Theorem and polar coordinate transformation, we will get:
First case: If supp(E) is such that for z 2 supp(E); it is kzk < ky ? k then (Ae)( ; y; k) = (Ae)(R !( ); R!('); k) As in the rst case, the representation of the singular values and singular functions allow us to prove this part of the theorem.
Determination of the Object Function
Using the results of the previous sections we are now able to evaluate the formula (8); in the rst step we compute the equivalent source and in the second step the object function f by dividing the equivalent source by total eld. A similar technique is used by Habashy, Oristaglio and de Hoop (see Ha/Or/Ho 94]) for a simultaneous reconstruction of permittivity and conductivity of a dielectric body by using an iterative algorithm which minimizes two cost functionals. Putting the representation of the reconstruction kernel into the reconstruction formula we can state the following theorem.
Theorem 6 
Numerical Examples
To test the method we used both near and far eld data. In a rst test we checked this method for analytical near and far eld data. In further tests we used synthetic near eld data. The results are given for both a disk and an annulus. The parameter values are = 0:9; k = 2 and R = 2: For the following examples we chose the regularizationparameter = qjkj = 0:1k:
In the following examples we relied on data obtained through the solution of the forward scattering problem. In order to avoid trivial inversion and to have a meaningful test of the approximate inverse method the data, both analytical and simulated data, are provided through a forward solver which has no connection with the inversion method under consideration. The reconstruction of the equivalent sources yields an approximation to the shape of the scatterer, but by dividing this quantity to the total inner eld u approx we could achieve better information on the shape of the object and we could improve the results on the approximation to the refractive index. The examples below show the weighted reconstructions of the index of refraction of the unknown objects. The other parameters are chosen as in the previous example 2. Since in general absorption cannot be ignored, we tried to reconstruct the above complexed valued object. By considering the imaginary part of the object we could improve the approximation to the real part of the object while the approximation to the imaginary part is still not satisfying. We proposed a constructive method to reconstruct the shape and to derive an approximation to the parameters of a bounded inhomogeneous object from scattering data. Both the theoretical investigations and the numerical results in this paper as well as additional numerical experiments indicate that the algorithm successfully reconstructs complex valued inhomogeneous medium independent of whether the scatterers are strong or weak. Hence the solution scheme does not depend on validity of any linearizations such as Born or Rytov. In contrast to, e. g. Born series, the method avoids the need for solving the forward problem during the inversion process. The method could be applied to a wider range of inhomogeneities and wave numbers. Some a priori information on the unknown object could be helpful to improve the magnitude of reconstructions. Numerical examples that have been presented indicate that the inversion method is very e ective. We note that the method can be applied to electromagnetic waves if we consider Maxwell equations with Silver-M uller radiation condition in two dimensions. Furthermore we can notice that with some modi cation of Green's function the method is also applicable in three dimensional reconstruction problems.
